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We study the effect of the interplay between parity-time (PT ) symmetry and optical lattice (OL)
potential on dynamics of quantum droplets (QDs) forming in a binary bosonic condensate trapped
in a dual-core system. It is found that the stability of symmetric QDs in such non-Hermitian system
depends critically on the competition of gain and loss γ, inter-core coupling κ, and OL potential.
In the absence of OL potential, the PT -symmetric QDs are unstable against symmetry-breaking
perturbations with the increase of the total condensate norm N , and they retrieve the stability at
larger N , in the weakly-coupled regime. As expected, the stable region of the PT -symmetric QDs
shrinks when γ increases, i.e., the PT symmetry is prone to break the stability of QDs. There
is a critical value of κ beyond which the PT -symmetric QDs are entirely stable in the unbroken
PT -symmetric phase. In the presence of OL potential, the PT -symmetric on-site QDs are still
stable for relatively small and large values of N . Nevertheless, it is demonstrated that the OL
potential can assist stabilization of PT -symmetric on-site QDs for some moderate values of N . On
the other hand, it is worth noting that the relatively small PT -symmetric off-site QDs are unstable,
and only the relatively large ones are stable. Furthermore, collisions between stable PT -symmetric
QDs are considered too. It is revealed that the slowly moving PT -symmetric QDs tend to merge
into breathers, while the fast-moving ones display quasi-elastic collision and suffer fragmentation for
small and large values of N , respectively.
I. INTRODUCTION
In the last few years, self-bound quantum droplets
(QDs) in ultracold atoms have attracted increasing at-
tention from both experimental and theoretical research
[1–13]. In the pioneering theoretical work [14], the three-
dimensional (3D) QDs were predicted as stable soliton-
like states in binary Bose-Einstein condensates (BECs)
due to the balance between the attractive mean-field in-
teraction (the inter-component attraction being slightly
stronger than the intra-component repulsion) and the
repulsive Lee-Huang-Yang (LHY) correction originating
from quantum fluctuation [15], on the basis of a system
of coupled mean-field Gross-Pitaevskii equations. While
intriguing breakthrough in the field of the dipolar BECs
[16, 17], the first experimental observations of QDs have
been realized in dipolar Bose atoms [18–22], by exploit-
ing the competition of long-range dipole-dipole attraction
and LHY repulsion. Very recently, tuning contact inter-
actions through the Feshback resonance technique, QDs
have been also observed in a binary condensate of two dif-
ferent atomic states of 39K atoms, both in the presence of
an external potential [23, 24] and in free space [25], which
exactly follow the original theoretic predictions [14].
It is worth noting that the QDs are more ubiquitous
and remarkable in a lower dimensionality. The reduc-
tion of the dimension from 3D to 2D drastically changes
the form of the LHY term, replacing the quartic form by
the cubic terms multiplied by a logarithmic factor [26].
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It was recently predicted that 2D QDs with embedded
vorticity S may be stable up to S = 5 [27]. In the 1D ge-
ometry, the sign of LHY term is changed from repulsive
in higher dimensions (2D and 3D) into attractive in 1D.
Accordingly, the 1D stable QDs can be formed by the
competition of the effective cubic mean-field repulsion
and the quadratic LHY-induced attraction. In particu-
lar, the stability and collisions of 1D Gaussian-shaped
and flat-top QDs in free space were recently studied in
the case of relatively small and large numbers of atoms,
respectively [28]. Furthermore, due to the availability of
optical lattices (OLs) for experiments with BEC, the next
natural step is the consideration of dynamics of 1D QDs
trapped in OL potential [29]. Besides, the spontaneous
symmetry breaking of 1D QDs in a dual-core trap has
also been considered [30].
On the other hand, the interaction with environment
plays an important role in studies of ultracold atoms,
which renders the system non-Hermitian. A special class
of non-Hermitian systems that gained much interest,
since the seminal work by Bender and Boettcher [31],
are parity-time (PT )-symmetric ones, where P denotes
the parity reflection operator xˆ→ −xˆ, pˆ→ −pˆ and T the
time reversal operator xˆ→ −xˆ, pˆ→ −pˆ, i→ −i, t→ −t.
The most characteristic property of PT -symmetric sys-
tems is the existence of an entirely real eigenvalue spec-
trum within a certain parameter regime [32]. Due to the
equivalence between the Schro¨dinger equation and the
equations describing the propagation of light [33], opti-
cal systems with complex refractive indices [34, 35] are
widely used to study PT symmetry in non-Herimitian
system. The first experimental realization of PT symme-
try is in optical systems [36, 37]. By contrast, a promising
2candidate for exploring the dynamics of a genuine quan-
tum system with balanced gain and loss is a BEC in a
double-well potential [38]. The gain and loss is realized
by adding atoms in one well and coherently removing
particles in the other. Nevertheless, the coherent incou-
pling and outcoupling of particles is a very non-trivial
task. In the last few years, the experimental realization
of PT symmetry in BECs has been attracting increas-
ing attention. It was proposed that the use of bounded
and unbounded states to provide such a coherent in- and
out-coupling of particles [39]. Besides, another double-
well system was suggested as a particle reservoir for
the implementation of PT symmetry [40]. Furthermore,
Kreibich et al. developed an experimental scheme to re-
alize a PT -symmetric two-mode system based on time-
dependent optical lattice, by embedding this system in a
larger multiwell system where the additional wells are
considered as reservoir wells [41–43]. However, these
methods are difficult to realize experimentally because
the experimental setup is quite demanding and currently
hardly realizable. In more recent work, the realization of
PT -symmetric and PT -symmetry-broken states in BECs
of 87Rb atoms with a time-independent optical lattice
was also presented [44]. Particularly, the PT -symmetry-
breaking transition was successfully observed in a gas of
two-component noninteracting 87Li atoms in a passive
way, i.e., there is only loss in the experiment. In the past
decade, PT -symmetric systems have been the subject in
optics [45, 46], microwave cavities [47, 48], electronics
[49, 50], and ultracold atoms [51–61], and so on. But up
to date, the study of dynamics of QDs in PT -symmetric
systems is still lacking.
In this work, we aim to investigate the effect of the
interplay between PT symmetry and OL potential on
stability and collision dynamics of QDs trapped in the
effectively 1D dual-core couplers. In Sec. II, we in-
troduce the model, and some analytical results for PT -
symmetric QDs are presented. Besides, the spontaneous
PT -symmetry-breaking phase transition is depicted. In
Sec. III, basic numerical results about stability analysis
for PT -symmetric QDs both in the absence of OL po-
tential and in the presence of OL potential are reported.
Collisions of PT -symmetric QDs are addressed in Sec.
IV. The paper is concluded by Sec. V.
II. THE MODEL
We consider QDs forming in the binary condensate
with mutually symmetric spinor components trapped in
the 1D dual-core cigar-shaped potential with balanced
gain and loss. The dynamics of QDs in such open
dual-core setting is described by the system of linearly-
coupled Gross-Pitaevskii equations for the wave functions
in two cores, ψ1 and ψ2, including the cubic self-repulsion
and the LHY-induced quadratic self-attraction in the
scaled form, by using dimensionless units (~ = m = 1)
[26, 28, 30, 44, 62]:
i∂tψ1 = −
1
2
∂xxψ1 + g|ψ1|
2ψ1 − |ψ1|ψ1 + iγψ1 − κψ2,
i∂tψ2 = −
1
2
∂xxψ2 + g|ψ2|
2ψ2 − |ψ2|ψ2 − iγψ2 − κψ1,(1)
where g > 0 is the strength of the cubic self-repulsion, γ
is the gain and loss coefficient, and κ > 0 is the rate of
hopping between the two cores. By means of additional
rescaling, we fix the strength of the cubic self-repulsion
g ≡ 1. Thus, the model is controlled by two irreducible
parameters, γ and κ. It is relevant to stress that, defin-
ing the parity operator as P , which interchanges the two
cores labeled by 1 and 2, and the time operator as T :
i → −i, t → −t, which reverses the time, the Hamil-
tonian for the system (1) is PT symmetric which ful-
fills [Hˆ,PT ] = 0. Previously, 1D and 2D PT -symmetric
dual-core couplers with cubic self-attraction and quintic
repulsion in each core were introduced in optics [63, 64].
The total norm of the system governed by Eq. (1),
which is proportional to the number of atoms in the con-
densate, is
N =
∫ +∞
−∞
(|ψ1|
2 + |ψ2|
2)dx = N1 +N2. (2)
Combining Eq. (2) with Eq. (1), we can obtain the
balance condition of the total norm
dN
dt
= 2γ(N1 −N2), (3)
which demonstrates that only symmetric QDs, i.e., N1 =
N2, may represent stationary modes. The PT -symmetric
system cannot support stable asymmetric QDs as the
balance between the gain and loss is impossible for them.
The spontaneous symmetry breaking of QDs associating
with bifurcation loop is not expected to occur in the PT -
symmetric system. Thus, a drastic difference of QDs
in the PT -symmetric dual-core system from QDs in its
conservative counterpart is that unstable symmetric QDs
are not replaced by stable asymmetric QDs beyond the
symmetry-breaking boundary [30].
It is well known that the exact analytical solutions can
give a deeper understanding than direct numerical sim-
ulations [65, 66]. To do so, we make the wave function
transformation, provided that γ/κ 6 1
ψ2 =
(
i
γ
κ
+
√
1− (
γ
κ
)2
)
ψ1 = exp(i
√
κ2 − γ2t)ψ, (4)
gives rise to the solvable standard nonlinear Schro¨dinger
equation with the cubic-quadratic nonlinearity
iψt +
1
2
ψxx − |ψ|
2ψ + |ψ|ψ = 0. (5)
Stationary symmetric QDs with a phase shift in the PT -
symmetric dual-core system can be found in the known
3FIG. 1: (Color online) The imaginary part of eigenvalues as a func-
tion of the ratio of the gain-loss parameter γ and the inter-core coupling
strength κ for different values of κ, κ = 0.01, 0.05, 0.1, and 0.5, sever-
ally. The circular points indicate the analytical results and the curves
represent the numerical ones. Obviously, γ = κ is the exceptional point
in the PT -symmetric dual-core trap.
form [28]
ψ(x) =
−3(µ+ κ) exp(−iµt)
1 +
√
1 + 92 (µ+ κ) cosh
(√
−2(µ+ κ)x
) , (6)
where the chemical potential takes values in the interval
of −2/9 < µ + κ < 0. It is worth noting that, in the
limit of (µ + κ) → −2/9, the symmetric QDs (6) take
an flat-top shape with a nearly constant wave function,
ψ = 2/3. The flat-top wave form is bounded by two
fronts interpolating between zero and the constant wave
function.
Note that the PT -symmetric systems undergo phase
transition as the gain-loss parameter crosses a certain
threshold. Below this threshold, all eigenvalues are real
(unbroken PT -symmetric phase), but above this thresh-
old, complex eigenvalues appear (broken PT -symmetric
phase). QDs amplify exponentially during time evolution
in the broken PT -symmetric phase, and any QDs would
also be unstable to perturbations. Thus, We first con-
sider the critical point for the phase transition between
real and complex eigenvalues in the PT -symmetric dual-
core trap. To do so, we look for stationary QD solutions
of the form
ψ1 =
∑
n,k
φAn,k(x) exp(−iµ
A
n,kt),
ψ2 =
∑
n,k
φBn,k(x) exp(−iµ
B
n,kt), (7)
where φAn,k(x) and φ
B
n,k(x) are the n-band Bloch wave
function with quasi-momentum k, and µAn,k and µ
B
n,k are
the corresponding eigenvalues (also called chemical po-
tential). The Bloch wave function can be defined as su-
perposition of plane waves with different values of k
φAn,k(x) =
∑
m
cAn,k+Fm exp[−i(k + Fm)x],
φBn,k(x) =
∑
m
cBn,k+Fm exp[−i(k + Fm)x], (8)
where F is determined by lattice constant. Substituting
Eqs. (7) and (8) into Eq. (1), we have
∑
m′
(
−µAn,k 0
0 −µBn,k
)(
cAn,k+Fm′
cBn,k+Fm′
)
=
∑
m
(
Lˆ1 0
0 Lˆ2
)
×
(
cAn,k+Fm
cBn,k+Fm
)
+
∑
m
(
−iγ k
k iγ
)(
cAn,k+Fm
cBn,k+Fm
)
, (9)
with operators
Lˆ1 = −
(k + Fm)2
2
− g | cAn,k+Fm |
2 + | cAn,k+Fm |,
Lˆ1 = −
(k + Fm)2
2
− g | cBn,k+Fm |
2 + | cBn,k+Fm |, (10)
we define
Hˆ1 =
(
Lˆ1 0
0 Lˆ2
)
, Hˆ2 =
(
−iγ k
k iγ
)
. (11)
It is worth noting that the imaginary part of eigenval-
ues is affected only by Hˆ2. By diagonalizing Hˆ2, the
two eigenvalues and eigenvectors are easily found to be
µ± = ±
√
κ2 − γ2 and ψ± = (−iγ ±
√
κ2 − γ2, κ)T (the
superscript T represents transposition). Obviously, the
two eigenvalues switch from real to complex values when
γ = κ. Such a point (γ = κ) where both eigenvalues
and eigenvectors coalesce is often referred to as an excep-
tional point (EP) [67, 68]. EPs have turned out to be at
the origin of many counterintuitive phenomena appear-
ing in non-Hermitian systems that experience gain or loss
[69, 70]. Very recently, the topological nature [71–73] and
dynamical phenomena [74–76] around the EPs have also
been explored. The spontaneous PT -symmetry-breaking
transition that occurs at the EP can also be understood
by examining the corresponding linear problem of Eq.
(1), i.e., i∂tψ1,2 = −
1
2∂xxψ1,2 ± iγψ1,2 − κψ2,1, following
the procedure in Refs. [34, 35, 77, 78]. We numerically
show the imaginary part of eigenvalues as a function of
the gain-loss parameter γ for different values of the inter-
core coupling strength κ, such as κ = 0.01, 0.05, 0.1,
and 0.5, as shown in Fig. 1, where the curves represent
the numerical results and the circular points correspond
to the analytical results. The analytical results are in
agreement with the numerical ones. In the broken PT -
symmetric phase (γ/κ > 1), any QDs are unstable to
perturbations, and there exists an overall destabilizing
effect on propagation. In the following, we investigate
the dynamics of symmetric QDs in the unbroken PT -
symmetric phase (γ/κ < 1).
4FIG. 2: (Color online) Stability border for the PT -symmetric QDs at
different values of κ, which are indicated by arrows. The PT -symmetric
QDs with total norm N are unstable in the interval of Nc1 < N < Nc2
(branched Nc1 and Nc2 correspond to red and blue lines, respectively),
and are stable at N < Nc1 and N > Nc2. (a) PT -symmetric QDs in
the absence of OL potential. For κ < κc ≈ 0.0592, branches Nc1 and
Nc2 are completely separated. For κc < κ < κmax ≈ 0.4, the branches
Nc1 and Nc2 partly merge, and all the PT -symmetric QDs are stable
at γ/κ < (γ/κ)c corresponding to the merger point of the Nc1 and
Nc2 branches. For κ > κmax, the PT -symmetric QDs become entirely
stable in the whole interval of 0 6 γ/κ 6 0.99. (b) PT -symmetric
on-site QDs in the presence of OL potential V = V0 cos
2( pi
D
x+ θ), and
the parameters are set as V0 = 0.3, D = 8, and θ = pi/2. There exist
still two stability areas, nevertheless, the two threshold values Nc1 and
Nc2 become smaller by comparing Fig. 1(b) and (a).
III. STABILITY ANALYSIS FOR
PT -SYMMETRIC QUANTUM DROPLETS
A. In the absence of optical lattice potential
In reality the system cannot be perfectly isolated and
it is expected that dynamics of the system are always
robust against small fluctuations. The PT -symmetric
QDs may be observed experimentally only if perturbed
QDs can survive for a sufficiently long time. Therefore,
an important issue is to check the stability of the PT -
symmetric QDs.
We have performed numerical simulation if the evo-
lution of the symmetric QDs against small symmetry
breaking perturbations based on Eq. (1), aiming to iden-
tify stability boundaries for the symmetric QDs. Pertur-
bations were introduced by adding 1% random noise into
the initial conditions. The stability of symmetric QDs in
the PT -symmetric system depends strongly on the val-
ues of gain-loss parameter γ, inter-core coupling strength
κ, and total condensate norm N . The symmetric QDs
are entirely unstable against the breaking of PT sym-
metry for γ/κ > 1. We plot the stability border for the
symmetric QDs, showing N as a function of γ/κ for the
different values of κ. The results are summarized in Fig.
2(a). For instance, for κ = 0.03, it is found that the
PT -symmetric QDs are stable for the sufficiently small
values of N . With the increase of N , the PT -symmetric
QDs become unstable, whereas they retrieve the stability
at larger N . In other words, the PT -symmetric QDs are
unstable in the interval of Nc1 < N < Nc2, and they are
stable at N < Nc1 and N > Nc2. It is relevant to men-
tion that, in the absence of the gain and loss (γ = 0), the
stable and unstable regions exactly correspond to those
of the symmetric QDs in the conservative dual-core trap
[30]. The unstable region of the PT -symmetric QDs be-
comes wider as the increase of γ/κ. As expected, the PT
symmetry always break the stability of QDs. Branches
Nc1 and Nc2 remain completely separated in the whole
interval of 0 6 γ/κ 6 0.99 for κ < κc ≈ 0.0592. For
κc < κ 6 κmax ≈ 0.4, the branches Nc1 and Nc2 partly
merge and disappear at small values of γ/κ. This indi-
cates that all the PT -symmetric QDs, regardless of the
value of N , are stable at γ/κ < (γ/κ)c, with (γ/κ)c being
the merger point of the Nc1 andNc2 branches. By further
increasing κ, all PT -symmetric QDs, regardless of the
value of γ/κ, are completely stable at κ > κmax ≈ 0.4.
Accordingly, the PT -symmetric QDs become unbreak-
able at κ > κmax, viz., the blow up of PT -symmetric
QDs can be suppressed by the strong coupling strength
between two cores.
The above predications for the stability and instability
of PT -symmetric QDs were verified by the linear stability
analysis and direct simulations of the perturbed evolution
of the PT -symmetric QDs. The linear stability analysis
for the stationary states was performed by adding small
perturbations, ψ1,2 = [φ1,2 + u1,2e
iλt + v∗1,2e
−iλ∗t]e−iµt,
where φ1,2 are stationary wave functions with chemi-
cal potential µ, u1,2 and v1,2 are perturbation eigen-
modes, and λ indicates the growth rate of the pertur-
bation. Evidently, the PT -symmetric QDs are unstable
if λ has an imaginary component, while they are sta-
ble if λ is real. Fig. 3 displays typical examples of the
stable and unstable symmetric QDs with different val-
ues of the total norm N for a fixed hopping rate, e.g.,
κ = 0.05. Fig. 3(a1) shows the wave-function profiles
of Guassian-shaped symmetric QDs corresponding to a
moderate value of the norm (N = 2) without gain-loss
parameter (γ = 0). The symmetric QDs, which are ex-
pected to be stable based on the above analysis in Fig.
1(a) (γ = 0), indeed remains stable [see Figs. 3(a2)
and 3(a3)]. The result is consistent with that of QDs
in the conservative dual-core trap [30]. The presence of
5FIG. 3: (Color online) The profiles of |ψ1(x)| and |ψ2(x)| components of the PT -symmetric QDs, and the exact solution
given by Eq. (6), are shown by black solid, blue dotted, and red dashed curves, respectively, for different values of gain-loss
parameter γ and total norm N : (a1) γ = 0 and N = 2; (b1) γ = 0.03 and N = 2; (c1) γ = 0.03 and N = 2.5; (d1) γ = 0.03
and N = 20. The stability spectra of eigenvalues λ for the corresponding PT -symmetric QDs and the perturbed evolution of
their ψ1 component, are displayed in panels (a2)-(d2) and (a3)-(d3), respectively. The inter-core coupling strength is fixed as
κ = 0.05.
PT -symmetric potential modifies this physical picture.
To show the effect of the PT symmetry on QDs, we
choose a fixed gain-loss parameter γ = 0.03, for differ-
ent values of N , such as N = 2, 2.5, and 20, as can be
seen in Figs. 3(b1)-(d1), respectively. Figs. 3(b1)-(b3)
clearly shows PT symmetry breaks the stability of QDs.
However, the stability of PT -symmetric QDs can be re-
stored for relatively large values of N provided that N
belongs to either of the above predicted stability areas
(N > Nc2), as shown in Figs. 3(c1)-(c3). Particularly,
the PT -symmetric QDs can also display a typical broad
flat-top profile for the large droplets N = 20 in Figs.
3(d1)-(d3).
B. In the presence of optical lattice potential
Next, we will deal with the effect of the interplay
between the OL potential and PT symmetry on the
stability of the symmetric QDs. The OL potential
V0 cos
2( piDx + θ) is added into Eq. (1), where the pa-
rameters V0, D, and θ denote depth, period, and phase
of OL potential, respectively. Without loss of generality,
the period of OL potential is fixed as D = 8 throughout
the present work. We start by considering the stability
of on-site QDs (θ = 0) in the PT -symmetric dual-core
couplers. Following the procedure of the above numerical
analysis, we identify stability areas for symmetric on-site
QDs, as can be seen in Fig. 2(b). Similar to the situation
in the absence of OL potential, there are still two stability
areas, N < Nc1 and N > Nc2, for the symmetric on-site
QDs. However, the two threshold values, viz., Nc1 and
Nc2, become smaller by comparing Figs. 2(b) and (a).
6FIG. 4: (Color online) Typical examples of the stability of the PT -symmetric on-site QDs in the presence of OL potential.
(a1)-(a3) V0 = 0, γ = 0, and N = 1.5; (b1)-(b3) V0 = 0.3, γ = 0, and N = 1.5; (c1)-(c3) V0 = 0.3, γ = 0.04, and N = 1.5;
(d1)-(d3) V0 = 0.3, γ = 0.04, and N = 20. The other parameters are set as κ = 0.05, D = 8, and θ = pi/2. The vertical yellow
stripes denote the respective potential troughs in panels (b1)-(d1).
This indicates that the OL potential can assist stabiliza-
tion of symmetric on-site QDs for moderate values of N .
Fixing κ = 0.05, we display typical examples of the stable
and unstable PT -symmetric on-site QDs in Fig. 4. For
a characteristic moderate value of norm N = 1.5, Figs.
4(a1-a3) reveal that such symmetric QDs are unstable at
V0 = 0 and γ = 0 [also see Fig. 2(a)], whereas it becomes
stable with the assistance of the OL potential. With the
increase of gain and loss γ, PT -symmetric potential will
always break the stability of the on-site QDs [e.g., see
Figs. 4(c1)-(c3)]. As expected, Figs. 4(d1)-(d3) confirm
that the PT -symmetric on-site QDs are stable for large
N in the above predicted stability areas.
The situation is obviously different for PT -symmetric
off-site QDs (θ = 0). We scanned a broad range of N to
analyze the stability of off-site QDs in the PT -symmetric
potential for different values of κ. The numerical re-
sults indicate that there exists a stability border in the
total condensate norm N . The PT -symmetric off-site
QDs are unstable at N < Nc, while they become sta-
ble at N > Nc. Fig. 5(a1) shows the stability border
Nc as a function of γ/κ for different values of κ. It is
seen that, in the absence of the gain and loss (γ = 0),
the critical point for the unstable and stable symmetric
off-site QDs is Nc(γ = 0) ≈ 4.6. To explore physical
mechanism for the formation of stable symmetric off-site
QDs, in Fig. 5(a2) we plot the chemical potential µ as
a function of N for the four different values of κ. The
dashed and solid lines in the four µ(N) curves correspond
to the unstable and stable symmetric off-site QDs, re-
spectively. Note that the chemical potential µ approx-
imately corresponds to the respective minimal value at
the critical point N = 4.6. Due to the dominating cu-
bic self-repulsion with the competition of the quadratic
self-attraction in the relatively large off-site QDs, the
µ(N) curves satisfy the necessary stability condition in
the form of the anti-Vakhiton-Kolokolov criterion in re-
pulsive nonlinear interaction [79], dµ/dN > 0, except
for suddenly changing at some special values of N . The
results are similar to that of the single-component off-
7FIG. 5: (Color online) (a1) Stability border for the PT -symmetric off-site QDs with four different values of κ (κ=0.01, 0.03,
0.05, and 0.07). The PT -symmetric off-site QDs with total norm N are stable at N > Nc, while they are unstable at N < Nc.
(a2) The chemical potential µ versus N for the symmetric off-site QDs with the above four different values of κ. The dashed
and solid lines in the four µ(N) curves correspond to the unstable and stable symmetric off-site QDs, respectively. Typical
examples of the stability of the PT -symmetric off-site QDs in panels (b1)-(e3). (b1)-(b3) γ/κ = 0.2 and N = 4.5; (c1)-(c3)
γ/κ = 0.2 and N = 4.6; (d1)-(d3) γ/κ = 0.9 and N = 4.6; (e1)-(e3) γ/κ = 0.9 and N = 5. The other parameters are set as
κ = 0.01, D = 8, and θ = 0.
site QDs in OL with N = 2.3 for this case [29]. For
the weakly-couple case (κ < κmax ≈ 0.07), the PT
symmetry tends to break the stability of off-site QDs
with the increase of γ/κ, as shown in Fig. 5(a1). The
PT -symmetric off-site QDs retrieve the stability at still
larger values of N . Above a certain value of the hop-
ping strength (κ > κmax ≈ 0.07), the PT -symmetric
off-site QDs, which are no longer dependent of the gain-
loss parameter γ, are unstable for N < 4.6, while they
become entire stable for N > 4.6. Accordingly, by fixing
8V0 = 0.3 and κ = 0.01, typical examples of stable and
unstable PT -symmetric off-site QDs located close to the
stability border for different values of N , are displayed
in Figs. 5(b1)-(e1). For γ/κ = 0.2, the PT -symmetric
off-site QDs corresponding to N = 4.5 < Nc is unstable,
while increasing to N = 4.6 it becomes stable, as shown
in Figs. 5(b1)-(b3) and Figs. 5(c1)-(c3), respectively.
However, for a bigger γ/κ, such as γ/κ = 0.9, the PT -
symmetric off-site QDs corresponding to N = 4.6 is no
longer stable, as shown in Figs. 5(d1)-(d3). Figs. 5(e1)-
(e3) indicates that the larger PT -symmetric off-site QDs
(e.g., N = 5) can retrieve the stability. As expected,
these results are consistent with those in Fig. 5(a1).
IV. COLLISIONS OF PT -SYMMETRIC
QUANTUM DROPLETS
Because the presence of the gain and loss does not
break the Galilean invariance of the underlying equation
(1), it is relevant to explore collisions between the moving
PT -symmetric QDs. In the conservative dual-core trap,
it has been demonstrated that the colliding QDs tend to
merger into breathers unless they move very fast [30].
We simulated the collisions, and the corresponding ini-
tial conditions for Eq. (1) were taken as
ψ1,2(x, t = 0) = ψ(x+ x0)e
ikx + ψ(x− x0)e
−ikx, (12)
where ψ(x) represents the stationary shape of symmetric
QDs, and k is a kick determining the velocity of QDs.
This ansatz approximates a solution comprising two ini-
tial QDs located at −x0 and x0. In the simulations we
varied k and N .
FIG. 6: (Color online) Typical examples of density plots, in compo-
nent ψ1, for collisions between two PT -symmetric QDs in the absence
of OL potential, launched as per Eq. (7) with x0 = 64. (a) N = 1 and
k = 0.02; (b) N = 1 and k = 1; (c) N = 20 and k = 0.02; (d) N = 20
and k = 1. The other parameters are fixed as κ = 0.08 and γ/κ = 0.3.
In the absence of OL potential (V0 = 0), Fig. 6
shows typical collision pictures for small and large PT -
symmetric QDs located in the stable region, correspond-
ing to N = 1 and N = 20, respectively, for κ = 0.08
and γ/κ = 0.3. It is observed that the slowly moving
PT -symmetric QDs merge into breathers after the col-
lision at relatively small values of k, as shown in Figs.
6(a) and (c). With the increase of k, fast-moving small
PT -symmetric QDs pass through each other, i.e., the
quasi-elastic collision occurs in this case (see Fig. 6(b)).
The situation is quite different for large PT -symmetric
QDs. In this case, the shapes of the QDs are no longer
preserved after the collision, and they undergo fragmen-
tation resulting in the formation of three outgoing QDs
with a majority of particles being kept in the moving
ones and forming a small quiescent one (see Fig. 6(d)).
The similar results can also be observed in the presence
of OL potential, as shown in Fig. 7. The slowly mov-
ing PT -symmetric QDs in shallow OL potential tend to
merge into breathers after the collision [see Figs. 7(a)
and (c)]. Fast-moving small PT -symmetric QDs pass
through each other quasi-elastically, while fast-moving
large PT -symmetric QDs collide inelastically and un-
dergo fragmentation in OL potential, as shown in Figs.
7(b) and (c), respectively.
FIG. 7: (Color online) Typical examples of density plots for collisions
between two PT -symmetric on-site QDs in the presence of OL poten-
tial. (a) N = 1, k = 0.1, and V0 = 0.01; (b) N = 1, k = 1, and
V0 = 0.1; (c) N = 20, k = 0.02, and V0 = 0.01; (d) N = 20, k = 1,
and V0 = 0.1. The other parameters are fixed as x0 = 64, κ = 0.08,
γ/κ = 0.3, D = 8, and θ = pi/2.
V. CONCLUSION AND DISCUSSION
The objective of this work is to extend the study of
the spontaneous symmetry breaking of quantum droplets
(QDs) in the dual-core trap [30], to dynamics of QDs
in parity-time (PT )-symmetric dual-core setting. Such
PT -symmetric system cannot support stable asymmetric
QDs as the balance between the gain and loss is impossi-
ble for them. Therefore, the main subject is the effect of
the interplay between PT -symmetric potential and opti-
cal lattice (OL) potential on the stability and collisions
of symmetric QDs in the unbroken PT -symmetric phase.
It is found that PT -symmetric QDs in the absence of OL
potential and PT -symmetric on-site QDs display similar
stability condition, i.e., both of them are stable for rel-
atively small and large values of the total condensate
norm N , and are unstable for moderate values of N .
9The difference is the OL potential can assist stabiliza-
tion of PT -symmetric on-site QDs for some moderate
values of N . However, the situation is obviously different
for PT -symmetric off-site QDs, and only the relatively
large PT -symmetric off-site QDs are stable. Finally, col-
lisions between stable PT -symmetric QDs are systemat-
ically studied both in the absence of OL potential and in
the presence of OL potential too. It is revealed that the
collision dynamics of the stable PT -symmetric QDs de-
pend on the velocity and the total condensate norm N of
QDs. The slowly moving PT -symmetric QDs regardless
of the value of N tend to merge into breathers. The small
fast-moving PT -symmetric QDs is quasi-elastic, while
the large fast-moving ones suffer fragmentation after the
collision.
It is worth noting that in the present work we extend
and generalize the previous study of dynamics of QDs in
both dual-core trap [30] and optical lattice [29] to PT -
symmetric dual-core setting, and there exist some sim-
ilarities between them. However, the generalization is
nontrivial. On the one hand, the finding of PT sym-
metry opened the possibility of postulating new theoret-
ical concepts to replace the long accepted requirement
of Hermitian Hamiltonians [80], and the studies of PT
symmetry-based effects revealed many interesting phe-
nomena, including nonreciprocal light propagation [37],
unidirectional invisibility [81], topological bound state
[82], and anomalous edge states [83]. On the other hand,
generalizing the notion of PT symmetry to the QD case
is still lacking to date. Therefore, combining PT sym-
metry with QDs, we can broaden the physical contents
of QDs and lay the foundation for further combination
and research.
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